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MODULE-IV

FUNCTIONS OF COMPLEX VARIABLE
LIMIT,CONTINUITY,DIFFERENTIABILITY
ANALYTICITY

CAUCHY REIMANNS EQUATIONS
HARMONIC FUNCTIONS

HARMONIC CONJUGATE

CAUCHY’S THEOREM

CAUCHY’S INTEGRAL THEOREM



CONTINUED...

TAYLOR’S & LAURENT SERIES EXPANSIONS
SINGULARITIES AND TYPES OF SINGULARITY
RESIDUES

RESIDUE THEOREM



1. Complex Variables & Functions

Complex numbers : £ ={ Z=X+1y ; VX, y€] } (Ordered pair of
real numbers )
Complex conjugate : Z*=X—1y

r:ﬂ/)(z_kyz modulus

Polar representation : 7=re? —yre'?*2m) Ly

g =tan = argument
. X
— e'’ =cosf+ising

Multi-valued function — single-valued in each branch

1/m /m ei(9+27zn)/m

E.g., 77" =r has m branches.

Inz=Inr+i (0+ 27zn) has an infinite number of branches.



Limit of a function,continuity and
differentiability

* The limit of f(z) as z approaches z, is w.
Ihmf (z) =w,

 f(z)is said to be continuous at z=7, if

limf(z)= f(z,)

z—> z,

* Let f(z) be a single valued function of the variable
z,then f(z+2)— T(2)
Oz

f'(z)=1lim

L—> 7L, o
Provided limit exists and is independent of the

path along which sz — o



Analytic Function

e A function f(z) is said to be analytic at a point
Z, ,if f(z) is differentiable not only at z, but at
every point of some neighbourhood of z,.

* A point where the function ceases to be
analytic is called a singular point.

* Analytic function is always differentiable and
continuous.But converse not true.



Necessary condition for f(z) to be
analytic

* The necessary conditions for a function f(z)=u+iv

to be analytic at all the points in a region R are:

ou oV

. -
oX 0Y

ou oV

i 377" ax provided u,,u,,V,,V, exist.

conditions (i) and (ii) also called Cauchy Riemann
equations.



2. Cauchy Reimann

Z=X+1Yy
Conditions
df(z . of(z . f(z+0z)-1(z
Derivative : ( ) = f'(Z) = lim —() = lim ( ) ( )
dz 5250 52 520 o Vi
where limit is independent of path of 6z — 0.
Let f(z)=u(z)+iv(z)
. of ou+iodv
= ' of =ou+iov =
— 0Z=0X+10Y — 57 %110y
0Z=56Xx — Iimﬁ—lim @Hﬁ _gu oy
- 1250 57 -0 Sx  6x) OX  OX
. ) : . O o
0Z=0y — Ilméizlmw-—lég+é\i =—I u+ v
520 57 Sy —0 5y 5y ay @y
f' exists — ou_ov & ﬂ — _ﬂ Cauchy- Reiman equations

oX 0y oy  0OXx



Z=X+1y

f’exists —

f(z)=f(xy) -

If the CRCs are satisfied,

51‘
52

f(z)=u(z)+iv(z)

ou_0v o ou_ 0ov

Cauchy- Reimann

OX 0 y 5 y 0 X Conditions

of . of
5f=Lox+ sy o YL iV sxe| Mo V| sy
OX oy ox  ox oy 0Oy

ou .ov .
of = +1 OX+10
(8x 8x]( y)

. OV
+1 & is independent of path of 6z — 0.

i.e. f’ exists

> CRCs satisfied.




C-R EQUATIONS IN POLAR FORM

a_u_lav
or r o6
ou ov

— =T
06 or

Proof do yourself



Example 11.2.1.2% is Analytic z=x+iy
f(z)=z2" =x*-y*+2ixy =u+iv

w22
. u=Xx -Y N a_u:2x _ﬂ @:_Zy:_ﬂ

V=2XYy 0 X oy oy d X

- T’ exists & single-valued V finite z.

i.e., Z?is an entire function.



Example 11.2.2.z* is Not Analytie*+¥

f(z)=z*=x—-iy =u+iv

-. f" doesn’t exist V z, even though it is continuous every where.

i.e., z2is nowhere analytic.



Harmonic
Functions

By definition, derivatives of a real function f depend only on the local behavior of f.

ee  Qu_ov ou_ ov
° oX 0V oy 0 X

But derivatives of a complex function f depend on the global behavior of f.

Let w(z)=u+iv
, _ ou oV ou oV
wis analytic — _ - =
OX 0OV oy 0 X
o’u_ o°v._ o°v. 0°u 82u+82u_0
OX* 0Xx0y O0Yyox 0 y? ox> o0y
9
o’v._ o°u _ 9'u 0%V 82v+62v_0
0y> O0yox OX0y 0 X° oxX* 0Y°

i.e., The real & imaginary parts of w must each satisfy a 2-D Laplace equation.

(U &V are harmonic functions)



ou oV ou oV

CRCs 8x_8y 5?2_5;
Contours of U & v are given by u(x, y):c V(X, y):c’
N du:gﬂdx+ggdy=0 dv:gldx+§1dy:0
0 X oy O X oy

Thus, the slopes at each point of these contours are

ou ov
m 2|4y __9x m o4y __ox
“lax), " au lax), " v
oy 0y

CRCs — mm, =-1 at the intersections of these 2 sets of contours

i.e., these 2 sets of contours are orthogonal to each other.

(U & Vare complementary )



Method to find the conjugate function

e |f f(z)=u+iv and u is known.
* To find v,conjugate function.
* Method:
We know dv= gv—xd“%dy
using Cauchy Riemann equations, replace
v, by —u, and v, by u,

dv = Y ax+ Y ay
ay OX
VvV = auol X+ f udy

oY OX



Method to find conjugate function

e V=v(x,y) is given we need to find u.

du=@dx+a—udy
OX oy
using Cauchy Riemann equations, replace

u, by -v, by and u, by v,

oV O
u—favdx aVOI




Problems

Q.Let f(z)=u(x,y)+iv(x,y) be an analytic function.If
u=3x-2xy,find v and express f(z) in terms of z.

dv = a—de + a—de
O X oy

audx + udy
oYy 0 X

vV = —Ia—udX +fg—udy
X

oy
dv=2xdx+(3-2y)dy
v=[2xdx+[(3-2y)dy=x?+3y-y2+c
f(z)=iz?+3z+ic




Defn: A simply connected
domain D IS a domalin

such that every simple
closed contour within It

encloses only points of D.



The set of points Interior to a
simply closed contour Is an

example.

LD b

simply connected simply connected not simply connected  not simply connected



A domain that 1s not
simply connected Is said

to be multiply connected

for example, the annular
domain between  two

concentric circles.



The Cauchy — Goursat
theorem for a simply
connected domain D Is

as follows:



Theorem: If a function f Is
analytic throughout a simply
connected domain D, then

jf(z)dzzo
C

for every closed contour C
lying In D.



Result: Let C; and C, denote

positively oriented simple
closed contours, where C, IS

Interior to C; .



If a function f 1s analytic In
the closed region consisting
of those contours and all

points between them, then

Jf(z)dz:Jf(z)dz

Gy G,



Ex.1 Evaluate
jf(z)dz
C
when f(z)=2e",
C. |z|=1.
Ans: 0 (Why??)




Ex.2 Evaluate
jf(Zﬁz
C

when

72 sin z
flz)= - C:lzl=2.
2)=22, cff
Ans: 0 (Why??)




Os 3/154. Let Cy denote the circle

2-7|=R taken counter clockwise
using the parametric representation

1=17,+Re" (-7 <6<r)

for Co to derive the following
Integrations:



(a) jzdz 2]

(b) j(z—zo)”—ldzzo,n_ F1,42,...
Co

(c) j(z ~7,)dz = 2i:a sin (ar),

where a= 0 Is any real no.



Sol. We have |2=Z|=R
—7-1,=Re"

— dz=Re".idd

dz  tRe”.ide
IZJZ Z _J Re'



D)
| = J(z —7,)" " dz

Co
_ ]? Rn—lei(n—l)é’. Re'?dg

=0 (after simplification)



C)
| = j(z —7,) " dz

Co
_ T Ra—lei(a—l)é’. Rel?dg

2iR?

" Sin(ar)




Exercise:

* Does Cauchy — Goursat Theorem
hold separately for the real or
imaginary part of an analytic
function f(z) ? Justify your
answetr.



Cauchy Integral Formula

Let f beanalyticeverywhere
Inside and on a simp le closed
contour C, taken In the positive

sence, then

0

C



Derivative Formula

Supposethat a function f Is analytic
everywhereinside and on a simple
closed contour C, taken in the positive
sence. If z, Is any pointinterior to

C, then



f(z)d
) ()= (Zfzzo)zz,
C

ST—C] J f (2)dz

27 2 (2-125)°



f(z)dz
C) _(n)! j
f(n)(zo)

n+1
1-1)
2701 %, (




Theorem:

If f(z) is analytic at z,, then its
derivatives of all orders exist at z,

and are themselves analytic at z,,.



Qs.1(a)/163: Let C denote the
positively oriented boundary of the
square whose sides lie along the

lines X=12 and Y=%2. Evaluate
j COS Z dz
2(z° +8)

the following integral

Ans : Ti/4.



Qs. 2(b)/163: Find the value
of the Integral of g(z) around

the circle 1Z-1=2 in the
positive sense when
1
/1=
ol (22+4)2.




j(z +4)

-

C

z+2|

(1

Z
\

\(Z-I-Zi)z/

2|



0s.4/163: Let C be any simple
closed contour, described the
positive sense In the z- plane and
Write

g(w)= | (Z;fvi)zgdz




Show that
g(w)= 67w
when w IS Inside C and that

g(w)=0

when w Is outside C.



Case |l : Let wis inside C.
Let f(z)=2z°+2z. Then

g(w)= | (Zf_(jv))gdz,
_ 272zi f”(W)




f(z)=2"+2z
— f'(2)=32%+z
— f"(2)=6z

— f"(w)= 6w



-1 =g(w)= 67w

Case 2. When w IS outside C,
then by Cauchy Goursat

Theorem 9(w)=0




Qs. 5/163: Show that If f Is
analytic within and on a simple

closed contour C and z, IS not on
C, then

e, ),
i(z_zo)d l(z_zo)Zd







Case I: Let z5 1S Inside C,
then

} :j ) dz=27f'(z

C(Z_ZO)

=2ri f'(z,)

N——

Z:ZO






Case lI: Let z, is outside C

[
O

Then |, =1,

(WHY ?7?7?)



Morera’s Theorem:

If a function f(z)Is continuous
throughout In adomain D and If

j f(z)dz =0,
C

for every closed contour C lying
In D, then f(z) s analyticin D.



LIOUVILLE’S THEOREM

If f Is entire and bounded In
the complex plane, then f(z)
IS constant throughout the
plane.



Theorem: Suppose that

(i) Cisasimple closed contour,

described in the counter-clockwise
direction,

(ii)) C, (k=1, 2, ...., n) are finite no. of
simple closed contours, all described
in the clockwise direction, which are

interior to C and whose interiors are
disjoin.



1T f(z)Is analyticthroughout the
closed region consisting of all
pointswithin and on C except
for the pointsinterior to C, , then

j f(z)dz+z j f(z)dz=0.



dz
Ex. Evaluate ([z(z2 ) for all

possible choices of the
contour C that does not pass

through any of the points O,
+ 1




Solution:

Cas_e 1. Let C does not enclose 0,

=0 by CG Theorem.




Case 2a. Let C encloses only
0.

Then | :j‘ 0z
cz(z° +1)
f(z)dz 1
cI: RO (z° +1)
=27 f(O)

= 27



Exercise:

Case 2b. Let C encloses only 1.
Ans: | = -mi

Case 2c. Let C encloses only -I.
Ans: | = -mi



Case 3 a). Let C encloses
only O, -I.
then

dz dz
I:jz(z+i)(z—i)' jz(z+i)(z—i)

Co C_j

where Cp, and C, are
sufficiently small circles
around 0 and —I resp.






Case 3 D). Let C encloses
only O, I.
then

| = J‘ dz _I_J' dz
A 2z+i)z-1) L 2(z+i)(z-0)

Co Ci

where Cp, and C; are
sufficiently small circles
around 0 and 1 resp.



1
@)

=27 + (27 )(I le

= 7



Case 3 ¢). Let C encloses only -1, +1I.

Then
1

| ZQZ(zzjii) dz




Case 3 d). Let C encloses all of
the points O, -1, +l.

Then
1 1
| — zZ +14, Z(Z+_i) dz
é[) Z C"!.. Z — 1
1
[ 22D o
S (z+1)

= 2700 — 700 — 7z
= 0






Taylor’s Theorem: Suppose that
a function f(z) 1s analytic
throughout a disk [2—=2|<R;
centered at zo and with radius Ry.

Then f(z) has the power series
representation






Maclaurin Series

TaylorSeries about the point
Z, =0 Is called Maclaurin
serles, I.e.

00 (n)
f(z)=) f nl(o)z”, (2| < Ry)
Nn=0 -




Examples:

e’ = Z%, (|Z| < o0)
n=0
00 i 22n+1
— -1
Sin z nzz(:)( ) i)






<1)







Laurent’s Theorem: SUuppose
that a function f(z) 1s analytic
throughout an annular domain

R <|z2-2,|<R, centered at z, and
let C denote any positively
oriented simple closed contour
around zp, and lying In that
domain.



Then, at each point in domain f(z)
has the series representation

(Rl <|z-17y|< Rz)
where






Example:

Find the Laurent series
representation of
7

f(z)=

when

(z-1)(z-3)



(@) D;:0<|z|<],
(b) D,:1<|z|<3,

(C) D3:3<‘Z‘<oo,



We have

/
= a3

1 3

2(z-1) " 2(z-3)



(a) Consider the domain
D,:0<|z|<1.

Thenf(z)is analyticin D,.



1 3

Hz)= 2(z—1)  2(z—3)

1 3
Z

C21-2) o,
2x3(1- )

x /z\n
—o\3




!
2

o0
2.7~
n=0

!
2

= f(z)




(b) Consider the domain
D, 1<|z|<3.

Then f(z)is analyticin D,.



1(z)=

1

3

2(2-1) " 2(z-3)

1

3

2z(1—i) 2x3(1—5)

1

27

o0

2|

n=0

(1\"

\Z

2512

nO

(7))

\ 3

N



= f(2)

SR
2n:OZn+1 9

(7

3/



(c) Consider the domain
D, :3<|z| <o,
Then f(z)1s analyticin D,.
Note that
1 3

— < —<1.
Z |



1 3
2(z-1) 2(z-3)
1 3

221-1) 2xz(1->)
/ /

1(z)=

1 &1 3 .&(3)

22Z IZzZ

n:O\Z/ n:O\Z/




1 &(1) 3 &(3)
= 12)= ZZZ_ 'Zzz_

n=0\ Z/ n=0\Z/
1 00 1 3n+1
_Ezzml ' Zzn+1
n=0 n:O

_% OO ( 3”+1) n+1



Excercise:

Show that,when 0 <|z -1 <2,
the Laurent series representation
of

Z

Hz)= (z—1)(z-3)

1S






RESIDUE
(1) Consider a function f(z) &

Ietz:i. Then
W
(1)
f(z)=f| = |=g(w)
\\W /




(1) f(z) 1s said to be analyticat
Infinity If g(w) Is analytic
at w =0.

(1) f(z)1s said to be singular at
Infinity if g(w) Is singular
at w=0.



(2) Zeroof an analyticfunction :

Let f(z)Is analyticin a domain D.

If f(z,) =0 for some z =z,,then
Z=12,Iscalled zeroof f(z).



If f(z,) = t'(z))=1T"(zy) =....
= £("Y(z,)=0, but

f (M (z,)#0, then z =z, is

called ZERO OFORDER n

of f(z)



l.e. z=12, Iscalled zero
of order n of f(z)If

f(z) =(2-2,)"9(2),
where g(z,)#0.



(3)Singular Point of afn f(z):

(1) If a function f(z) fails to be
analyticat a pointz,, but it
Is analyticat some pointin
every nbd of z,, then z, Is
called Singular Point of f(z).



(1) Isolated Singularit y

Thepointz,is called an Isolated

singularity of f(z)If

(a) zy Is asingular pointof f(z)

(b) f(z)1s analyticin a deleted nbd
N:0<|z-Zy|<€.



(4) (1) Let z, Is an Isolated

singularity of f(z)

—> 3R > 0such thatf(z)Is

analyticin 0 <

< R.



Hence f(z) has Laurent series
expansion :

()= a,(2-2,)" + Y b, (2-2,)"
n=0 n=0

0<|z-2z5|<R



where a, = Zi f (Z)dfﬂ ,
m . (Z—2p)
1 f(z)dz
" T2 @)
C 0
C iIs any positivelyoriented

simp le closed contour around z,,

and lyingin the puctureddisc
0<l|z-z4|<R.



(i) ibn(z —2,) " is called

principal part (PP) of the Laurent
series, l.e.

PP = ibn(z —z5) "
n=1

o b




If b, =0, for some k, say k=m,
and b, =0 Vn>m, then




Then thesingularity z =z, of
f(z)1s called POLE OF ORDER m.

If m=1,thenz,isapoleof orderl
and Is called a SIMPLE POLE.



(1) If an analytic function f(z)
has a singularity other than a
pole, then thissingularity Is
known as ESSENTIAL
SINGULARITY of 1(z), 1.e.



If b, = 0for infinitely many n,

then thesingularity z,, iIs called
ESSENTIAL SINGULARITY
of f(z).



(iv)If b,=0 WVn,

then the singularity z, is called
REMOVABLE SINGULARITY
of f(z).



RESIDUE:
The PP of the Laurent series Is
given by

PP = ibn (z—z,)", where
=1

bn 1 I f(Z)dZ

27 L (z—25)™™



If n =1, then

1
D, = f(z)dz
. M{ (2)

Is called RESIDUE of f(z)
at z=z,, and we write



D, =Res f(z)

2=1()

1

=coeff of




Residue Theorem:

Let C be a positivelyoriented
simp le closed contour.Suppose
that f(z) Is analytic within and on
C except for a finite number of
singular points z, (k =1,2,....n)
Inside C.



Then

n ( \
jf(z)dz =271 Y | Res f(z)
C kzl\z:zk /




How tofind residue of a given fn f(z):

Ex1:Let f(z)= SIﬂ4Z . 0<|z|< .
Z
1 /.
Now f(z)=—-(sin z)
7
1 2 & 77 )

2° \Z (3)! ’ (5)! (7)! ’ o



f(z):13 11,1 1
z2 3!z (H) (7)!
O<‘Z‘<oo
pp__ - 1,2
)z 78

Notethat z=0 Isapoleof
order 777

+ ...



Hence

Reos f (z) =b, = coeff of 12

7 0
I S|n4z dz =21 Res f (z)
z=0

clz|=1 /A

7
3




Ex 2. FInd the residue of
f(z)=exp(1/z), and hence
evaluate

jf(z)dz, C:|7=1

C






Note: z=0 Is an essential
singularity of f(z).
1

— b, =coeff of —
Z

= ReOs f(z)
=1



Hence
j f(z)dz = 2.

C



Ex 3. Find the residue of
f(z)=exp(l/z%), and
hence evaluate

jf(z)dz, C:lz/=1.

C




Hints:

1. z=0 Isan essential
singularity of (z).
2. b, = Reos f(z)=0.

3. 1 =0.



How to find the residues ?

We have

f(z)= ian(z—zo)” +ibn (2-2,)"
n=0 n=1



Case lA:Letz=1z,1sasimple
poleof f(z).Then

f(z)= ian(z ~7,)" A !
n=0




= (2-1y) 1(2)
b+ (2-2)Y 2, (2-2,)
n=0

> lim (2-2) £(2)-b
- Res f(z)

=1



CaselB: Let f(z) hasa simplepole
at z=2z, and f(z)is of theform

f ()= P

a(z)
where




(1) p(z) & q(z) are analytic
at 7 =2,

() p(z,) =0, and

(1) g(z) has a simple zero
at z=2,,



Then

Res f(z)=Res P(2)
=1 =20 ((2)

_ p(Zo)
q'(Zg)




Casell : Let z, be a poleof order m>1
for the function f(z).

Then f(z)= ian(z ~7,)
n=0

bl b2 bm

(2-12) (Z_Zo)2 (2-2,)"




=(2-2,)" 1(2)
=(z-12,) i)an(Z—zO)”

+ bl(z — £y )m_l +D, (Z — g )m—2



Let ¢ (2)=(z-2,)" T (2)
then
Res
Z=2Z) f (Z) — bl
= coeff. of (z-z,)™ " in the
expansion of ¢ (z)

_ $""(z0)
(M-1)!

by Taylor's Thm



Thusif z,1s a poleof order m >1
of 1(z),then

Res o ¢(m—1)(zo)
Z=17() f (Z) T (m _1)|

(m 1)! 2220[ " ]



Res f (Z)

Z=1()

1 im

( 1)| L— L) m
M-1): I




EX1.
Find the residue of f(z)at
z=0 and z=-1, where
1

f@)=—7




Soln
Note that
z=0 and z=-1
are simple poles of f(z).



s f(2) =1 (2-0) f(2)

~im ( 1 )
— 70

\1+z,



— 720

e f (@)=, (24+1) T (2)

(1)

~lim
—7—o>-1




Q.2 (a) Evaluate | = I az.

clz|=3
Soln :
Clearly,z =0 iIsapoleof order 2

Z

of  f(z)=".
/




Now
| = jf(z)dz
c:|z|=3

=27 ) Res f(2),
Z=7)

Z

f(2)=2



L (2)=

(-1 "

lim d ~7
7—0 dZ




Res f (Z)— lim

750\

|
|
 —

S ==2r



Q.2 (b) Evaluate

| = I e2 dz.

c:|z—3]=1 /A

Ans: | =0 (WHY ?77?)



Ex2(c). Evaluate

—/Z

1= (ze—1)2'

ciz|=3
Soln:
z=1 1s poleof order 2 of

t(z) =

—Z

(z-1)%







1
(c) | = jzz.ez dz
z|=3
1
Let f(z)=2z%e?
—z =0I1san essential
singularity of f(z)



(111 11 11 )
\IZIZ!'ZZIB!'23|4!Z4I'"/
11111

23 4T

+ /



Re s
f (z)= coeff.of 1.1
z=0 Z 06

=271 % ﬂ
3

1
6



| = j 22+1 dz
‘Z‘:gz — 27

et f(z)= z+1  z+1

2227 2(z2-2)
—72=0 &z=2aresimple poles




Re S
f(z)=lhimz f(z)

7 =0 z—0
. Z2+1

= lIm
z—>07 — 2

1

2



[im
Res f(z)= (z—-2) T (z2)
7=2 7 —> 2

_3

2
~1=27iY Res f(2)

( 1 3
— 27 |
. 2 2

=27,




Q.3, p.233

Let f(z) be analytic at z,,
and consider

f(z)
7—17,
Then Show that

0(z) =



(a) If f(z,)=0,
then z, Is a simplepole
of g(z) and

Res g(z)=1(z,)

Z=2()



(0) 1T 1(z4) =0,
thenz, Is a
removable singularityof g(z)

and Res g(z)=0.

Z=2(



Sol: --1(z) Is analytic at z,

= f(z) has Taylor's series
expansion about z,, &



f(z)
— f
(Zo) +(Z
2 fN (Z
( 0)
2!Zo)

3 f’”
(Z5)
3

+(2-1,)
0

T,

+(z-1z,)



E—
g(2)
_ Zf (2)
=
= i
+ ( | (Z
Z—27Zp) - O)
éZO)
!

+(z
P
(z
0)

3!



(@)Clearly 1f f(z,)#0, Then
principal part(P.P) of
0(z) IS

_ f(zg)
7 -1,




"2y IS a simple pole of ¢(z)
and

Res g(z) =b, =coeff of !

L=L() _ZO

= 1(2Zp)



(b)If f(z,)=0, thenp.p.ofg(z)
1S O
—b, =0Vn
—Z =1, IS a removable
singularity of g(z), and
o3 9(2)=0

Z=12(



37542

Q.4(a)|=£(z_1)(22+9), c:lz-2/=2
37°+2
-t 1) _(z 1)(2 +9)

Thenl, 31,—3I are simple polesof f(z)



2 fm i Note: z=11s onlyinside C

Res 32°+2
C. F(2)=|— ‘Z:
7 -1 - Z2°+9
1
10 2

=240 f(2)=n



(b)c:|z|=4
Then 1,31,—31 are all inside C

. Res f _ = -41
SN
N,




o s 32°+2
-3 1(2) = (2-1\z +3i)|z=3i
—811+ 2
(3i —1)(6i)
- 2-81
~ —18-6i




32° +2
2R=?38| f (Z) — (Z _1)(2 _3i)|z:—3i

~ +38Li+2
 (-3i-1)-6i)
- 2+81

~ —18+6i




) Res f(z)

1 2+8li 2-8li

2 6i—18 6i+18
_ 3
~1 =27 Res f(z)=6n



dz
2°(z2+4)

Q.5(b) | _j

Let 1(z)=—

2°(z+4)

C:lz+2|=3



—>z =0 1sapoleof
order 3 and
z=-41sasimplepole
& both lie Iinside C.



7+4

2=0






