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1. Determine the singular points of the following differential equations and examine whether they are
regular or not
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a) (2* +4)(z —3)%y + (x—3)% +y=0 b) y +Ey—|—(1—§)y:0
) 2’y +y 43y =0 d) 2%y +ay + (2* = pP)y =0
e) (1 -2y —2zy +n(n+1)y=0 ) 23z — 1)y —2(x—1)y +3zy =0
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g) w(1=2%)y +—y +dy =0
2. Consider the equation vy + zy +y = 0.

a) Find its general solution y = Z a,x" in the form y = agy; (x) + a1y2(x), where y;(z) and yo(x)
are power series.

b) Use the ratio test to verify that the two series y;(z) and ya(x) converges for all .
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¢) Show that y;(z) is the series expansion of ¢~/
solution.

, use this fact to find the second independent

3. Find the solution of the following equations in power series
a) vy =3(y+1) b)y =3y +2y=0
¢) 20(1—2)y +(1—2)y +3y=0

4. Use Frobenius method to find the solutions of the following equations

a) xy +y +xy=0 b) zy’ + 3y + 42’y =0
o) 2242y —y —6ay=0 d) day” +2y +y =0
e) x(1—2)y +4y +2y=0 f) 9x(1 —x)y — 12y + 4y = 0.

5. Express the following expression in terms of Legendre polynomials
a) 2 —x + 327 b) * — 72* — 282 — 15
6. Prove that

a) P(1) =1 b) Pu(—1) = (=1)" ¢) P.(1) = %n(m 1)
d) P,(-1) = %(—1)”[n(n+ D] e) Pu(—z) = (=1)"Fu(z)
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7. Prove that | P,(z)(1 — 2zt + ¢*)"?dx = .
rove a/_l (x)( xt +t%) T= 5
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(Recurrence relations for P,(z)) To show that

(n+1)Py1(x) = (2n+ DzP,(z) —nP,_1(z), n > 1

nPy(r) = 2P, (z) = P,_(2)

20+ 1) Py (2) = Pyyy(2) — Py (2)

D Pu(x) = Py () = 2P, ()

)Po(@) = n(Pyi(2) — 2Py(2))

)Po(2) = (n+ 1)(2Pu(2) — Para(2))

on +1)(z? — 1)P,(z) = n(n+ 1)(Poy1(z) — Po_1(z)) (Beltrami’s result)
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Show that when n is an integer J_,(z) = (—1)"J,(z)

Prove that

a) J_1yo(x) = \/gcos(x) b) Jijo(z) = :—xsin(x) o) [Jip(@)]P+[J-12(2)])? = 7r2_:c

Write the general solution of the following equations (in terms of Bessel functions)

9

a) 2%y +ay + (22— 25)y =0 b) 2%y + xy +(x—1—6) y=0
(Recurrence relations for J,(z)) To show that

a) % {2"J,(z)} = 2" Jp_1 () b) % {z7" ()} = 27" Jpsa ()

¢) Jo(@) = Juoa(@) = (n/2) Ju(x) d) J, (@) = (0/2) J(x) = Juta ()

€) Jn-1(x) + Jnpa(x) = (2n/2)Jn () £) 2J,(2) = Jur(2) = Juga(2)

Evaluate / 2 J3(z)dw

Solution: Hint : from Recurrence relation 12(a) and 12(b)

/$"Jn_1(x)dx = 2" J,(x) + ¢

/x_”JnH(x)dx =—x " J(x) +c




